Introduction.
Sufficient conditions for asymptotic stability and instability are derived here for some elastic systems with dissipation. The systems are assumed to be governed by autonomous partial differential equations which may be non-selfadjoint. The method of analysis is Liapunov's direct method as generalized by Zubov [1] and Movchan [2] , For elastic systems under conservative loading the energy is typically chosen as a Liapunov functional. If the energy is positive definite, then the system may be shown to be stable. With dissipation present the time derivative of the energy often becomes negative semi-definite, and it is sometimes claimed in the literature that this implies asymptotic stability. Such a conclusion is not warranted and requires verification. This question is resolved here for some cases with the use of a new Liapunov functional whose time derivative is negative definite. In addition, instability criteria are obtained for some of these dissipative systems.
Consider a continuous system which occupies a bounded domain R in one-, twoor three-dimensional space {a;}, and let C denote the boundary of R. Designate by w(x, t) the displacement of the system from an equilibrium state which for simplicity is taken as w{x, t) = 0, where t > 0 represents the time. For stability analysis, this displacement is assumed to be governed by a linear partial differential equation of the form m(x)wtt + 3Dw, + £iw + £2w = 0,
x (E R, t > 0,
where > mix) > m0 > 0, with homogeneous boundary conditions
and initial conditions w(x, 0) = w°(x), w,(x, 0) = w°(x), x£S.
Subscripts denote partial differentiation, m(x) represents the density of the system, and £>, , £2 , and ® are linear, time-independent, spatial differential operators with £i self-adjoint and £2 non-self-adjoint.
The functional space 11 is defined as the space composed of real vector elements u - No. NONR-N00014-67-A-0191-0009.
whose components w and w, satisfy the boundary conditions (2) and certain smoothness conditions. The equilibrium state under consideration is represented by the element u = 0, the initial state is given by u" which has components w° and w], and the resulting motion of the system (i.e., the solution of Eqs. (1), (2) , and (3)) is denoted by u(t, u°), t > 0. A metric p is defined on CU, and p(u, 0) gives the metric distance between a state u and the equilibrium state (see [3] for details). Stability, asymptotic stability and instability are defined as follows [1, 2] : Definition.
The equilibrium state u = 0 is said to be stable with respect to p if for every 8 > 0 there exists a 5 > 0 such that p(u°, 0) < 6 implies that p[u(t, u), 0] < S for all t > 0. If in addition p[u(t, u°), 0] -> 0 as t -> , then u = 0 is said to be asymptotically stable with respect to p.
Definition. The equilibrium state u = 0 is said to be unstable with respect to p if there exists an 8 > 0 such that for any 5 > 0, no matter how small, there exists a/G H for which p(u°, 0) < 5 and p\u(t, u°), 0] > S for some t > 0.
From the work of Zubov [1] and Movchan [2] one can state the following two theorems. Stability Theorem.
The equilibrium state u -0 is stable with respect to p if there exists a functional V(u) having the following properties for u £ 11, u £ 01:
for some constants a, jS;
If in addition c) V[u(t, m0)] -* 0 as t -» °° (7) then u = 0 is asymptotically stable with respect to p. A sufficient condition for (c) is given by c') (dV/dt)\u(t, w0)] < -v2p2(u, 0) for some constant v. 
These theorems provide sufficient conditions for stability, asymptotic stability and instability which are written in a form convenient for application to the systems under consideration.
2. Asymptotic stability. The operator £, is self-adjoint so that, for example, / w,£iw dx= w£iw, dx 
Even if the functional E satisfies the stability conditions (5) and (6) for some metric p, where p(u, 0) depends both on w and wt , its derivative given by Eq. (14) is at best negative semi-definite and cannot be negative definite. It is not obvious, therefore, that condition (7) for asymptotic stability is satisfied. In some cases one can show that Eq. (7) does indeed hold by applying sophisticated mathematical techniques, such as the invariance principles derived by Hale [4] and Slemrod [5] , An alternate procedure for demonstrating asymptotic stability involves construction of a new functional for which conditions (5), (6) and (8) are satisfied. This approach -wall be used here. The new functional depends on the operator £>, and two cases wall be treated. A. For the first case the damping is assumed to have the form
and. it is assumed that for all u £ 11 / w£yw dx > c'i I w2 dx for some constant cL . 
Any metric equivalent to p also could be used [3] , It can easily be verified that condition (6) Consider an elastic column of length I, mass per unit length m(x), and bending stiffness s(x), s, > s(x) > s0 > 0, which is subjected to a compressive load P. The equation for the displacement w(x, t) is assumed to be m(x)wu + 2£(x)wt + s(x)wIXII + Pwxx = 0, 0 < x < I, t > 0.
Under certain boundary conditions the system is conservative when £ = 0; for instance, one end may be clamped (w = wx = 0) or simply-supported (w -swxz = 0) while the other is either clamped, simply-supported, or sliding (wx = (swxx)x = 0). One then obtains for these boundary conditions, so that condition (16) is satisfied and condition (8) becomes the governing one. Inequality (25) can be used with Eq. (24) to bound dV/dt from above by an integral involving a quadratic form in wxx and w, and a quadratic form in wxx and w. It then can be shown that these quadratic forms are negative definite and Eq. (8) is satisfied if 
where £ and tj are positive constants and the loading is conservative. Then 
With the choice of any admissible iv° one obtains a sufficient condition for instability.
For instance, if one end of the column is clamped and the other is sliding, then the choice w° = 1 -cos (irx/l)
yields the sufficient instability condition P > 2(7r/l)2 f s COS2 (ttx/1) dx.
•>0
